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Summary

On almost n-dimensional spaces

In 1940 Paul Erdős [25] introduced two interesting spaces, which are
now known under the names Erdős space and complete Erdős space.
Both spaces were constructed in the Hilbert space `2 of square summa-
ble real sequences. Erdős space E is the subspace of `2 such that all
coordinates are rational and for complete Erdős space Ec every coordi-
nate is chosen from the convergent sequence {0} ∪ {1/n : n ∈ N}. As
Erdős showed both spaces have the peculiar property that they are one-
dimensional but when squared the dimension does not become two but
remains one. This fact makes these spaces important examples in Di-
mension Theory. To study E and Ec Oversteegen and Tymchatyn [45]
introduced the notion of an almost zero-dimensional space. A space
is called almost zero-dimensional (AZD) if every point has arbitrarily
small neighbourhoods that are C-sets, that is, sets that can be written
as an intersection of clopen subsets of the space. Both E and Ec are uni-
versal spaces for the class of almost zero-dimensional spaces; see [45],
[32], and [18, Theorem 5.13]. Useful characterizations of the spaces
were found by Dijkstra and van Mill [17, 18, 19].

The main aim of this monograph is to find the “right” way to extend
almost-zero dimensionality, that is, to develop a dimension theory on
the basis of this notion. A good first step in this direction is to under-
stand almost zero-dimensionality better, in particular, we need to find
out to which extent familiar properties of dimension carry over to al-
most zero-dimensionality. This is the subject of Chapter 2. We are par-
ticularly interested in sum theorems. It is shown that the union of two
closed almost zero-dimensional spaces is not almost zero-dimensional
in general. We look at unions of locally finite collections of AZD C-
sets and we investigate whether almost zero-dimensionality is preserved
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under perfect maps among other things. The content of Chapter 2 cor-
responds to the paper Abry, Dijkstra, and van Mill [4].

Erdős space and complete Erdős space have the interesting property
that clopen subsets are large (unbounded with respect to the Hilbert
norm) despite being totally disconnected. This fact which was observed
by Erdős [25] lead Dijkstra and van Mill [18, Ch. 6] to introduce the
concept of a cohesive space, that is, a space such that every point has a
neighbourhood that does not contain clopen nonempty subsets of the
space. A related fact is that E and Ec can be turned into connected
spaces through the addition of just one point, called a dispersion or
explosion point. In Chapter 3 we investigate the relation between co-
hesion and one-point connectifications. An interesting aspect of dis-
persion point spaces is that they may have the fixed point property
despite being noncompact. This connection was established by Cobb
and Voxman [10] by their proof that the Kaster-Kuratowski fan [35]
has the fixed point property. We also show in this chapter that the
one-point connectifications of E and Ec that are mentioned above in-
deed have the fixed point property. The main results of Chapter 3 have
been published in Abry, Dijkstra, and van Mill [5].

Chapter 4 contains one of the main results of this monograph. We are
talking about a topological analogue of the classic Kadec Renorming
Theorem for Banach spaces. This result is important to us because it
produces an elegant topological characterization of the notion of almost
n-dimensionality that we introduce in Chapter 5. This characterization
is one of our main pieces of evidence in support of our claim that we
have found the right extension of almost zero-dimensionality. But the
theorem is more general than that and of independent interest. The
results of Chapter 4 were published in Abry and Dijkstra [2].

Finally, in the fifth chapter we reach our destination. We define our
concept as follows. A space X is almost n-dimensional if there is a
weaker topology (separable and metrizable) W on X that is at most
n-dimensional and every point in X has a neighbourhood basis consist-
ing of sets that are W-closed. The characterization theorem mentioned
above now states that the almost n-dimensional spaces are precisely the
graphs of lower semi-continuous functions with at most n-dimensional
domains. Recall that a real valued function is lower semi-continuous if



SUMMARY 3

the pre-image of every interval (t,∞) is open. Most of Chapter 5 is ded-
icated to the construction of higher dimensional analogues of complete
Erdős space that are universal spaces for almost n-dimensionality. Since
Ec is a universal space for the class of AZD spaces we have another indi-
cation that our definition is the right one. Finally, in §5.3 we consider a
couple of alternative definitions for almost n-dimensionality. The main
results of Chapter 5 were published in Abry and Dijkstra [2, 3].

Chapter 1 is devoted to basic theory and prepares the ground for the
proofs in the other chapters. Here we find the basic properties of `2,
E, and Ec, basic dimension theory, some descriptive set theory, and an
introduction to AZD spaces. We also have a section on lower semi-
continuous functions and the Lelek fan [37]. The Lelek fan is crucial
to the study of the Erdős spaces because of the proof by Kawamura,
Overstegen, and Tymchatyn [32] that Ec is topologically equivalent to
the end-point set of the Lelek fan.


